Let G be a connected claw-free graph on n vertices and G be its complement graph.
Introduction
Throughout this note, when we refer to a graph, we mean one which is finite, undirected and simple (without parallel edges and loops). Let G be a graph. The eigenvalues of G are eigenvalues of the adjacency matrix of G. Since the adjacency matrix of G is real and symmetry, all its eigenvalues are real. The spectral radius of G, denoted by µ(G), is the largest one of all its eigenvalues.
Let G be a graph. We use e(G) to denote the number of edges of G. Let S ⊂ V (G).
We use G[S] to denote the subgraph of G induced by S and G − S to denote the subgraph of G induced by V (G)\S. For a subgraph H of G, we use G − H instead of G − V (H). For two subgraphs H, H ′ of G, we use e G (H, H ′ ) (or shortly, e(H, H ′ )) to denote the number of edges with one vertex in H and the other one in H ′ .
By G we denote the complement graph of G. Let G 1 and G 2 be two graphs. We denote by G 1 + G 2 the disjoint union of G 1 and G 2 , and by G 1 ∨ G 2 the join of G 1 and G 2 .
Hamiltonian properties of graphs have received much attention from graph theorists.
A fundamental theorem due to Dirac [5] states that every graph on n vertices is traceable if the degree of every vertex is at least (n − 1)/2. Up to now, there also has been some references on the spectral conditions for Hamilton paths or cycles. We refer the reader to [3, 8, 10, 14, 16, 19] .
In particular, Fiedler and Nikiforov [8] gave tight sufficient conditions for the existence of a Hamilton path in terms of the spectral radii of a graph and its complement graph.
Theorem 1 (Fiedler and Nikiforov [8] ). Let G be a graph on n vertices. If
Theorem 2 (Fiedler and Nikiforov [8] ). Let G be a graph on n vertices. If
Since the connectivity is necessary for studying traceability of graphs. Lu, Liu and Tian [14] presented a sufficient condition for a connected graph to be traceable.
Theorem 3 (Lu, Liu and Tian [14] ). Let G be a connected graph of order n ≥ 7. If
Lu et al.'s lower bound of spectral radius was sharped in [16] .
Theorem 4 (Ning and Ge [16] ). Let G be a connected graph on n ≥ 7 vertices. If
The bipartite graph K 1,3 is called a claw. A graph is called claw-free if it contains no induced subgraph isomorphic to K 1,3 . Claw-free graphs have been a very popular field of study, not only in the context of hamiltonian properties. One reason is that the very natural class of line graphs turns out to be a subclass of the class of claw-free graphs.
However, not every claw-free graph is hamiltonian. There are examples of 3-connected non-hamiltonian claw-free (even line) graphs, but it is a long-standing conjecture that all 4-connected claw-free graphs are hamiltonian (and then, traceable). It is interesting to note that the lower bound on the degrees in Dirac's theorem for traceability was lowered to (n − 2)/3 by Matthews and Sumner [15] for claw-free graphs. For a survey on claw-free graphs, we refer the reader to Faudree et al. [7] .
Motivated by the relationship between Dirac's theorem and Matthews-Sumner's theorem, in this note we will improve the lower bound in Theorem 3 and give an analogue of Theorem 2 for connected claw-free graphs.
Our main results will be listed as follows. By N n−3,3 we denote the graph consisting of a complete graph K n−3 with three disjoint pendent edges.
Theorem 5. Let G be a connected claw-free graph on n vertices. If µ(G) ≥ n − 4, then G is traceable unless G = N n−3,3 .
Theorem 6. Let G be a connected claw-free graph on n ≥ 24 vertices. If µ(G) ≤ µ(N n−3,3 ), then G is traceable unless G = N n−3,3 .
Some lemmas
In this section, we first extend the concept of claw-free graphs to a general one. Let R be a given graph. The graph G is called R-free if G contains no induced subgraph isomorphic to R. We will also use three special graphs L, M and N (see Fig. 2 ). Note that N = N 3,3 .
The following two lemmas concerning traceability of claw-free graphs are used in our proofs.
Lemma 1 (Duffus, Gould and Jacobson [6] ). Every connected claw-free and N -free graph is traceable.
Adopting the terminology of [9] , we say that a graph is a block-chain if it is nonseparable or it has connectivity 1 and has exactly two end-blocks.
Lemma 2 (Li, Broersma and Zhang [13] ). Let G be a block-chain. If G is claw-free and M -free, then G is traceable.
One important tool for studying hamiltonian properties of claw-free graphs is the closure theory introduced by Ryjáček [18] . It is also useful for our proof. To ensure the integrity of our text, we include all the terminology and notations as follows. For other more information, see [18] .
Let G be a graph. Following [18] , for a vertex x ∈ V (G), if the neighborhood of x induces a connected but not complete subgraph of G, then we say that x is eligible
, is called the local completion of G at x. As shown in [18] , The closure of a claw-free graph G, denoted by cl(G), is defined by a sequence of graphs G 1 , G 2 , . . . , G t , and vertices x 1 , x 2 . . . , x t−1 such that
and (3) cl(G) has no r-eligible vertices.
Lemma 3 (Ryjáček [18] ). Let G be a claw-free graph. Then cl(G) is also claw-free.
Lemma 4 (Brandt, Favaron and Ryjáček [2] ). Let G be a claw-free graph. If G is traceable, then cl(G) is also traceable.
A claw-free graph G is said to be closed if cl(G) = G. It is not difficult to see that for every vertex x of a closed graph G, N (x) is either a clique, or the disjoint union of two cliques in G (see [18] ). In the following, we say a vertex x of a graph G is a bad vertex
is neither a clique, nor the disjoint union of two cliques. So every closed graph has no bad vertices.
The following two lemmas play the curial roles in proofs of our two theorems. We guess that they are of interest in their own rights.
Lemma 5. Let G be a connected claw-free graph on n vertices and m edges. If
If G ′ is N -free, then by Lemmas 1 and 3, cl(G) is traceable, and so is G by Lemma 4.
Now we assume that G ′ contains an induced subgraph H ∼ N . We denote the vertices of H as in Fig. 2 . In the following part of this proof, we set
For any x ∈ V (G − H), note that the neighborhood of x in G ′ is either a clique or the disjoint union of two disjoint cliques. But any at least four vertices of H do not form a clique or a disjoint union of two cliques. This implies that d H (x) ≤ 3 for any x ∈ V (G−H).
Thus
Recall that e(G ′ ) ≥ n−3 2 + 2. Thus we have e(G ′ ) = n−3 2 + 2 or n−3 2 + 3.
In this case, G ′ − H is complete and every vertex in G ′ − H has exactly three neighbors in H. Suppose first that there is a vertex
assume without loss of generality that a 1 ∈ N H (x ′ ). Note that xx ′ ∈ E(G) and
is a clique or disjoint union of two cliques. We can see that a 2 , a 3 ∈ N H (x ′ ). Hence as we
Suppose that E(G ′ )\E(G) = ∅. Then e(G) = n−3 2 + 2 and there is only one edge e in E(G ′ )\E(G). If e is a pendant edge, then G is disconnected, a contradiction. So we assume that e = uv is not a pendant edge. We suppose without loss of generality that a 1 is a vertex in {a 1 , a 2 , a 3 }\{u, v}. Then the subgraph induced by {a 1 , b 1 , u, v} is a claw in
Now we assume that for every vertex
. By the analysis above, we can also see that
Let x be a vertex in G ′ − H. Thus N H (x), and then N (x) induces two disjoint cliques.
Note that N H (x) = {b 1 , b 2 , b 3 }. We assume without loss of generality that a 1 ∈ N H (x). If a 2 ∈ N H (x), then a 3 ∈ N H (x); otherwise a 1 will be a bad vertex of G ′ . But in this case N H (x) = {a 1 , a 2 , a 3 }, a contradiction. This implies that a 2 / ∈ N H (x) and similarly,
Without loss of generality, we assume that N H (x) = {a 1 , b 1 , b 2 }. If G ′ − H has the only one vertex x, then b 1 a 1 xb 2 a 2 a 3 b 3 is a Hamilton path of G ′ . By Lemma 4, G is traceable. Now we assume that there is a second vertex x ′ ∈ V (G ′ − H).
Since both {x, x ′ , b 1 , b 2 } and {x, x ′ , b 2 , a 2 } induce no claws, we have either
; otherwise x is a bad vertex of G ′ . Similarly as the case of x above, we can see that a 2 , a 3 / ∈ N H (x ′ ). Thus
, then b 2 is a bad vertex of G ′ , a contradiction. Thus we have
Suppose that there is a third vertex x ′′ . Then similarly as the case of
But if x ′ and x ′′ have the same neighborhood in H, then x ′ will be a bad vertex, a contradiction. So we assume without loss of generality
contradiction. Thus x, x ′ are the only two vertices in G − H, and
Hamilton path of G ′ . By Lemma 4, G is traceable.
In this case G = G ′ and there is a vertex
Using the conclusion of Case 1, we can obtain that G 1 is traceable or G 1 = N n−4,3 .
Suppose first that G 1 = N n−4,3 . Let a 1 b 1 , a 2 b 2 , a 3 b 3 be the three pendent edges of G 1 , where a 1 , a 2 , a 3 are contained in a clique of G 1 . Note that G is closed and N (x) is either a clique or the disjoint union of two cliques. Also note that if x is adjacent to some two vertices of a maximal clique of G, then x will be adjacent to every vertex of the maximal
If x is adjacent to two pendant vertices, say b 1 , b 2 , then let P be a Hamilton path of the
is a Hamilton path of G. Now we assume that x is adjacent to exactly one vertex of {b 1 , b 2 , b 3 }. Suppose without loss of generality that b 1 ∈ N (x). Since d(x) = n − 5, we can see that n = 7,
Now we assume that G 1 is traceable. Let P = v 1 v 2 . . . v n−1 be a Hamilton path of G 1 . If
If x is adjacent to two successive vertices on P , then G is traceable. So we assume that x is not adjacent to two successive vertices on P . This implies that
Since
is in E(G). We assume without loss of generality that xv 2 ∈ E(G).
otherwise the subgraph induced by {v 2 , v 1 , v 3 , x} is a claw. Hence P ′ = xv 2 v 1 v 3 . . . v n−1 is a Hamilton path of G.
Lemma 6. Let G be a connected claw-free graph on n ≥ 24 vertices and m edges. If
then G is traceable unless G ⊆ N n−3,3 .
Proof. We suppose the opposite.
Proof. Suppose that G is not a block-chain. Since G is claw-free, every cut-vertex of G is contained in exactly two blocks. This implies that G has a block B 0 which contains at least three cut-vertices of G. Let a 1 , a 2 , a 3 be three cut-vertices of G contained in
, be the component of G − B 0 which has a neighbor of a i . Let
. Now we assume without loss of generality
(noting that n ≥ 24), a contradiction. If there are two vertices, say x and x ′ , such that each one has 5 neighbors in H, then
But in this case x will be a bad vertex of G ′ , a contradiction.
This implies that n ≤ 20, a contradiction.
Lemma 7 (Hong [12] ). Let G be a connected graph on n vertices and m edges. Then
The equality holds if and only if G = K n or K 1,n−1 .
Bondy and Chvátal [1] introduced the k-closure of a graph (the concept is originally used by Ore in [17] ), which is defined as follows: for any pair of nonadjacent vertices such that the degree sum is at least k, add an edge between them. Continue till there is no such pair, and end the procedure. In such way, the graph obtained, denoted by cl k (G), is the k-closure. Bondy and Chvátal proved the closure is well-defined.
Lemma 8 (Ore [17] , Bondy and Chvátal [1] ). Let G be a graph on n vertices. Then G is traceable if and only if cl n−1 (G) is traceable.
Lemma 9 (Hofmeister [11] ). Let G be a graph. Then
Proofs of the main results
Proof of Theorem 5. By Lemma 5, µ(G) ≤ √ 2m − n + 1. Thus n − 4 ≤ √ 2m − n + 1 and m ≥ (n − 3)(n − 4) + 3 2 = n − 3 2 + 2.
Note that µ(M ) = 2.6935 . . . < 3. By Lemma 4, G is traceable or G = N n−3,3 .
Proof of Theorem 6. We first give a bound on the value of µ(N n−3,3 ). By using Theorem 2.8 in [4] and some computing, we know µ(K k ∨ (n − k)K 1 ) = k − 1 + 4kn − (3k − 1)(k + 1) 2 .
Thus µ(K 3 ∨ (n − 3)K 1 ) = 1 + √ 3n − 8. From the fact N n−3,3 ⊂ K 3 ∨ (n − 3)K 1 , we obtain µ(N n−3,3 ) < 1 + √ 3n − 8 for any n ≥ 6. Now we prove the theorem. The idea of our proof comes from [8] . Let G ′ = cl n−1 (G).
Assume that G is not traceable. Then by Lemma 6, G ′ is not traceable. Note that for any pair of vertices u, v ∈ V (G) such that uv / ∈ E(G ′ ),
≥ 2(n − 1) − n − 2 = n for any uv ∈ E(G ′ ).
Furthermore, we have
Note that G ′ ⊆ G. By Perron-Frobenius' theorem [4] , and by Lemma 7,
Thus we have
By Lemma 6, G is traceable or G ⊆ N n−3,3 . But if G ⊂ N n−3,3 , then µ(G) > µ(N n−3,3 ), a contradiction. This implies that G is traceable or G = N n−3,3 . The proof is complete.
